Local and Average Interphase Heat

Transfer Coefficients in a Randomly Packed

Bed of Spheres

BERNARD M. GILLESPIE, EDWARD D. CRANDALL, and JAMES J. CARBERRY

University of Notre Dame, Notre Dame, Indiana

Local and average heat transfer coefficients have been measured for a sphere in a randomly
packed bed. A steady state technique was employed in which internally heated spheres were
placed in a bed 35 in. deep ond 12 in. sq. Air passed through the bed in downflow, the
range of Reynolds numbers being from 120 to 1,700 based on the sphere diameter and the

superficial velocity.

Average heat transfer coefficients have been measured at twenty-five positions permitting
the assessment of the effect of position. An entrance region limited to the first two particle

layers in the bed has been verified.

Distributions of the local heat transfer coefficient on the surface of a single sphere in the
top layer and in the nineteenth layer of the bed have also been measured. These distributions
indicate that a laminar boundary loyer exists over portions of the sphere surface.

In the analysis and design of fixed bed reactors, adsorb-
ers, etc., prudent account of interparticle and inter-intra-
phase transport events is desirable. This is particularly
true in the case of the nonisothermal catalytic reactor
wherein local surface reaction rates are governed by con-
centrations and a temperature dictated by transport of
mass and heat between the bulk fluid phase and the sites
of catalysis (21, 27).

Our concern in this instance is with interphase transfer
of heat; that is, rates of heat transfer between a flowing
fluid and the external surface of spheres comprising the
fixed bed. As our ultimate interest resides in realizing
greater understanding of the detailed structure of heat,
mass, and momentum transfer in fixed beds, it follows that
the initial inquiry must be focused upon local transfer
rather than overall integral coefficients.

BACKGROUND

Interphase transport in fixed beds may be expressed in
the following terms:

Type .

Overall, integral coeflicients determined by measuring
net overall rates and inlet-outlet concentrations/tempera-
tures. The results are commonly expressed as j factors or
Nusselt numbers correlated with Reynolds and fluid prop-
erty groups. For mass transfer, a vast literature exists (2,
5, 6, 7, 15, 20). Overall interphase heat transfer coeffi-
cients have also been measured, duly correlated and dis-
cussed (I, 10, 21, 25, 26).

Type W.

Average interphase coefficients have been determined
for single particles immersed in a fixed bed of inert partner
particles. This level of inquiry is free of gross end effects,
radial velocity variations, etc., which plague interpretation
of Type I data. Some Type II data results have been re-
ported for mass transfer by Thatcher (23), Thoenes and
Kramers (24), and recently by Rhodes and Peebles (19).
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Type HI.

Local transfer coeflicients for a single particle immersed
in a bed of inert neighbors may be measured. Thus for a
sphere, the variation of k; or h might be measured as a
function of angle from stagnation as has been commonly
done in studies of transport to or from a sphere isolated in
a free stream. This Type III level of inquiry provides in
principle a much more detailed picture of the transport
event. For local mass transport Rhodes and Peebles (19)
provide data while Wadsworth (25, 26) reports local in-
terphase heat transfer data for packed spheres at very
high Reynolds numbers. An investigation complimenting
ours has been in progress and the results for local mass
transport between a flowing liquid and a sphere immersed
in a fixed bed will shortly be made available (13). Not
unrelated to this inquiry is the extensive work of Professor
Pfeffer of City College of New York who is studying the
influence of simple networks of noncontacting neighboring
inert spheres upon local dissolution rates of a test sphere
(18).

SCOPE AND INTENT OF PRESENT INQUIRY

Our prime concern is the gas-solid fixed bed network.
The average (Type II) and local (Type III) heat trans-
port coefficients were measured for 1 in. diameter metal
spheres immersed in a bed of 1 in. cork spheres. Air at
room temperature flowed through the bed at Reynolds
numbers between 120 to 1,700, based upon superficial
velocity.

Calibration of the measuring techniques required addi-
tional measurements of average and local heat transfer
coefficients for each test sphere situated in an unpacked
wind tunnel (isolated sphere). These data are reported
in the next section.

Several unresolved questions pertaining to fixed beds
inspired the present study:

1. Since the early fixed bed velocity profile studies of
Smith and his students (22) revealed unusual departures
from plug flow, it could be anticipated that velocity de-
pendent transport coefficients would display a radial de-
pendency. Therefore, we sought to determine that de-
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pendency.

2. Entrance effects could also be anticipated. The ques-
tion of precisely how many particle layers had to be
passed before uniform behavior at a given radius is found
had to be answered.

3. For a given sphere at a particular point in a fixed
bed, how is the heat transfer coefficient distributed in its
magnitude as a function of angle from stagnation?

4, What is the effect of repacking a bed in a random
fashion upon average and local coeflicients?

5. Finally, it was hoped that the detailed local coeffi-
cient data might clearly lend or deny support to a theo-
retically derived j factor for fixed beds (2, 17). This
model visualizes the successive development and destruc-
tion (through void cell mixing) of a laminar boundary
layer at the fluid-solid interface. Diffusion within this
series of boundary layers would thus account for inter-
phase transport (2). While the simple model cited proved
surprisingly faithful to experimental overall coefficient
data, its very success prompts one to seek more precise
and detailed confirmation.

APPARATUS AND EXPERIMENTAL DETAILS

Wind Tunnel

A vertical single pass wind tunnel was employed in these
experiments. The upper section of the tunnel established a
uniform velocity profile at the top of the working section and
reduced the relative intensity of turbulence in the entering air.
The working section which was 12 in. sq. and 35 in. long con-
tained the packed bed during the measurements. Terminal
boards and selector switches to accommodate the electrical
circuits were mounted directly on the working section to
facilitate its removal to repack the bed. The two sections
below the working section reduce the area of flow to three
inches in diameter to permit flow measurements to be made
using a Pitot tube and micromanometer. The bottom section
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Fig. 1. Sphere construction for average heat fransfer coefficients.
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of the tunnel was connected to the suction side of a centrifugal
blower. The air velocity was varied by changing the voltage
applied to a % horsepower AC/DC motor thereby changing
the motor speed. With the packing in the working section, a
range of superficial velocities from 0.25 to 3.5 ft/sec. could
be attained. This corresponds to a Reynolds number range of
120 to 1,700 when the Reynolds number is based on sphere
diameter and superficial velocity.

Sphere for Average Heat Transfer Coefficients

Figure 1 presents the details of construction of the spheres
used to measure average heat transfer coefficients. Brass ball
bearings of 1 in. were machined to hold a spherical heater
and a surface thermocouple for this part of the work. The
spherical heater consisted of approximately 5 ft. of 30 gauge
copper magnet wire wrapped on the surface of a 3 in.
aluminum ball, Details for the method used to fabricate these
heaters are given elsewhere (I).

Two extra leads were soldered to the heater wire very close
to the heater. This permitted the voltage drop across the
heater to be measured directly in order to calculate the rate
of heat generation. A copper-constantan thermocouple was
soldered to the surface of the brass sphere and the leads from
the thermocouple were passed along the shallow trough shown
in the figure and then along the stainless steel support rod.
The reference junction of this thermocouple was positioned in
the flowing air stream.

Sphere for Local Heat Transfer Coefficients

Figure 2 reveals details of the sphere employed to measure
local heat transfer coefficients. The body of the sphere and
the flux meter were both of bronze. The details of the flux
meter are presented in the inset of the figure. The small air
gap between the flux meter and the body of the sphere elimi-
nated conduction of heat between the meter and the sphere
body. Thus the temperature difference across the plug estab-
lished the value of the heat flux. The thermocouple junctions,
which were attached to the flux meter with epoxy glue, were
0.001 in. thick and the wires were 36 gauge.

Other Equipment

Air velocity was measured using a Pitot tube and a model
MM-3 micromanometer,
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Fig. 2. Sphere construction for local heat transfer coefficients.
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For the average heat transfer measurements the beater cur-
rent was supplied by a 6v automotive battery connected in
series with a rheostat, an ammeter and the sphere heaters.
Heater current was read from the ammeter, a Weston Electric
Model 44239. The voltage drop across each sphere heater
was measured by one channel of a Honeywell Electronik 19
dual-channel recorder. The extra leads from the sphere heaters
were connected through one of the selector switches to the
recorder. The second channel of the recorder was used to
measure the temperature difference between the sphere sur-
face and the flowing air, once again through a selector switch.
This channel also measured the air temperature by means of a
thermocouple in the stream; the reference junction of this
thermocouple was in an ice bath.

For the local heat transfer coefficients, the heater current
circuit remained the same except that only one sphere heater
was in the circuit. To calculate the local heat transfer co-
efficient, the heat flux and the temperature difference between
the sphere surface and the air were required. A double pole—
double throw switch, the center posts of which were con-
nected to the surface thermocouple, enabled the differences in
emf. between the surface thermocouple and the interior
couple and that between the surface thermocouple and the
air thermocouple to be measured directly.

Preliminary Calibrations

The surface thermocouples of the five spheres used to
measure average heat transfer coefficients were checked by
placing each sphere in the vapor space of a boiling water
bath, the reference junction being an ice water bath. The
boiling point, corrected for barometric pressure (746 mm
mercury after the brass scale correction had been applied),
was 99.48°C., corresponding to a thermocouple output of
4.251 mv. based on a linear interpolation of the calibration
given in Reference 12. The five surface thermocouples tested
read within .007 mv. of this value. The accuracy of the re-
corder used in the experimental runs was = .01 mv. in
this range.

The spheres for average heat transfer coefficients were
further tested to determine whether they could satisfactorily
reproduce the available data for average heat transfer co-
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efficients for a single isolated sphere. Six runs were made with
the spheres in the unpacked wind tunnel. The results are
shown in Figure 3 and are compared with a recent correlation
for single sphere heat transfer (20). Satisfactory agreement
is evidently obtained between the present data and the cor-
relation,

As discussed earlier the sphere used to measure local heat
transfer coefficients contained a flux meter consisting of an
insulated cylindrical rod with a thermocouple attached to
each end. Calibration of the flux meter entailed the determina-
tion of the constant K in the equation

Two independent methods were used: the first was based
on integrating the local heat flux over the surface of the
sphere and equating this to the average rate of heat loss per
unit area of the sphere; the second was based on fitting the
results of a series of measurements of the local heat transfer
coefficient at the forward stagnation point to a correlation
presented by Wadsworth (25). The details of the calibration
procedures are presented in Reference 9. The value of the
constant K obtained from these methods was 1.17 X 10-2
cal./sq.cm.-sec.’C. (the two methods differed by less than
2% ).

The distribution of the local heat transfer coefficient for a
single isolated sphere was measured at four flow rates, The
results of these measurements are presented in Figure 4. The
similarity of these distributions to those reported by Wads-
worth {25) and by Carey (3) is worth noting.

RESULTS FOR FIXED BED

As forced convection is implicitly assumed to be the
only mode of heat transfer in this study, the total un-
importance of a natural convection and radiation contyi-
bution must be demonstrated. Preliminary computations
confirm the total absence of a radiation contribution while
the Grashof numbers involved suggest a very negligible
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Fig. 6. Local Nusselt number—top layer, second packing.

contribution due to natural convection. Thus the measured
coefficients may be considered forced convection heat
transfer coefficients.

Detailed results of the average heat transfer coefficient
study are presented elsewhere (9), while the resulting cor-
relations are presented in the following section. The solid
lines in Figure 11 represent the average coefficient correla-
tion compared with averaged values of the local coefficient
measurements.

Figures 5 through 10 present some of the local heat
transfer coefficients measured in the packed bed. The
measurements reported for the top layer were performed
at a lateral position 2 in. from the wall. Three flow rates
were examined at each position except one. Two packings
of the bed were made at each position in order to assess
the effect of repacking the bed.

Tabulated results are presented in Reference 9.
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Fig. 7. Local Nusselt number—19th layer, at wall, first packing.
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DISCUSSION OF RESULTS

Average Heat Transfer Coefficients; Single Sphere in
Packed Bed

The data for each position in the bed were correlated
by means of an equation of the form

Nyuw = A + a Ng° (2)

which correlates single sphere heat transfer data well. A
linear least squares method was employed, in which inte-
gral values of A from 0 to 10 were assumed and the best
values of @ and b were determined. The variance of the
data was calculated for each value of A and this variance
was smallest for A = 0 indicating that, for these data, the
best correlation was attained with an equation of the form

NNu= a NReb (3)

The linear form of this equation was fitted to the data
by the method of least squares.

Effect of Depth

The most obvious feature of the measurements made at
the different depths in the bed is the difference between
the data for the top layer and that for the rest of the bed.
The exponent on the Reynolds number, b in Equation
(3), is 0.48 for the top layer and between 0.63 and 0.69
for the layers beyond the second. The few measurements
made in the second layer are intermediate. Additional
evidence for the difference between the top layer and the
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bulk of the bed will be discussed in connection with the
local heat transfer measurements. Ignoring the top and
the second layer measurements, the question can be exam-
ined, of whether the variations among the other correla-
tions are statistically significant. To answer this question
a procedure which is developed by Hald (11) was em-
ployed. The details of this analysis have been presented
elsewhere (9) and will be omitted here. The conclusion
reached is that for the third layer and beyond, the differ-
ences among the correlations are not significant. The effect
of depth in the bed is restricted to an entrance region
which is two particles deep. Beyond this depth the mea-
surements do not depend on the depth. :

Effect of Lateral Position

For each of the three regions in the bed (top layer,
second layer, and bulk of the bed) the effect of lateral
position was examined. This involves a comparison of the
regression lines for these positions. A procedure for ac-
complishing this comparison has been developed in detail
by Hald (11). Reference 9 presents the application of
this analysis to these data. The conclusions for each of the
lateral positions are that significant differences exist be-
tween the correlations. These differences are restricted to
the intercepts of the regression lines, the slopes being in-
distinguishable. Table 1 presents the final correlations for
the various positions in the bed. Standard deviations of
the observed Nusselt numbers from the correlation at each
position are also tabulated.

An interesting feature of Table 1 is that the value of a
increases as the wall is approached. This is probably
caused by the increased flow rate and voidage near the
wall as reported by Schwartz and Smith (22). An effort
was made to relate the radial variation of @ with the
velocity profiles measured by Schwartz and Smith (22).
No success was realized in this attempt.

TaBLE 1. VALUES OF THE CONSTANT g AND STANDARD
DEVIATIONS FOR THE CORRELATION Ny, = a{Ng.)?

Top layer 2nd layer Bulk of bed
N Nu = Nu = N Nu =
a(Ng,)048 a(Nge)®58  a(Ng,)0-85
a 4 a 4 a L4
Centerline 137 8.7 063 98
2 in. from wall 1.45 3.8 066 4.1
1 in. from wall 144 3.1 067 5.3

34 in, from wall 1.55 6.0 1.11 4.6 0.73 3.8
1% in. from wall 156 24 116 74 075 49
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Local Heat Transfer Coefficients; Isolated Sphere

An examination of the local heat transfer results for
single isolated spheres (Figure 4) will aid in the under-
standing of the packed bed results. For a single sphere the
Nusselt number decreases from the forward stagnation
point and reaches a minimum in the vicinity of 90°. This
decrease is attributable to a laminar boundary layer in-
creasing in thickness along this forward hemisphere. Be-
yond the 90° position the flow over the sphere surface
experiences an adverse pressure gradient. This phenome-
non is similar to the situation in a diverging cone where,
if the angle is too large, separation may occur. For flow
around a sphere separation occurs even at Reynolds num-
bers as low as twenty (8).

As the Reynolds number increases, the point of separa-
tion moves forward from the rear stagnation point and at
Reynolds numbers greater than 450, the separation should
occur at 104°, This separation angle is based on laminar
boundary layer calculations, though there is considerable
evidence that separation can occur forward of 104° and
that the separation angle moves forward with increasing
Reynolds numbers even beyond the 450 value quoted
above (14).

From the forward stagnation point to the separation
point the flow is described well by the boundary layer
equations. Beyond this point though, external factors such
as the method of support of the sphere, free stream tur-
bulence, and the presence and form of container walls can
affect the flow. In general, vortices are shed at a fre-
quency which increases with Reynolds number, but at
high Reynolds numbers it has been found that the flow
may rejoin the sphere and begin to build up another
boundary layer which subsequently separates (26). With
this information about the flow pattern around a single
isolated sphere, the variation of the local heat transfer
coefficient around a single isolated sphere can be exam-
ined more closely. In Figure 4, for the lower Reynolds
numbers, the heat transter coefficient decreases on the
forward hemisphere and, after separation, increases grad-
ually again as the rear stagnation point is approached.
For the runs at higher Reynolds numbers the decrease on
the front half of the sphere is similar to the low flow rate
measurements. However, after separation an increase in
the heat transfer coefficient occurs. This is due to the wake
flow recontacting the surface and, as can be seen, the flow
rapidly separates again. After this separation the variation
of the heat transfer coefficient follows the behavior for
wake flow. This weak maximum in the heat transfer co-
efficient may result from the sphere support. The existence
of such a maximum has also been reported by Wadsworth
(26) at Reynolds numbers greater than 15,000, the lowest
that he investigated. Two other aspects concerning the
single sphere results are noteworthy. The position at which
separation occurs, as denoted by the minimum in the heat
transfer coefficient, moves forward on the sphere as the
Reynolds number increases. Whether this is caused by the
turbulence in the free stream or some other factor cannot
be determined from the present results. The other aspect
of the results which is not obvious from Figure 4 is that
in the laminar boundary layer, the Nusselt number in-
creases as the square root of the Reynolds number. While
the isolated sphere measurements reported here are
neither sufficient in number nor do they cover a wide
enough range of Reynolds numbers to establish this rela-
tionship, the results of previous workers and the predic-
tions of boundary layer theory must be considered as
adequately establishing this relationship. This fact will
be helpful in interpreting the packed bed results.

Local Heat Transfer Coefficients in Packed Bed
Before examining the results in any detail, an overall
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comparison of the results in the top layer of the bed
(Figures 5 and 6) with those in the 19th layer (Figures
7 to 10) suggests that for the top layer the local heat
transfer coefficients are significantly lower than for the
19th layer, and the range of local Nusselt numbers (maxi-
mum value minus minimum value) in the top layer is
much less than that in the 19th layer. That these two ob-
servations are related to the lower incident flow rate and
the lower intensity of turbulence of the air entering the
bed seems a logical speculation.

The effect of repacking the bed on the local heat trans-
fer coefficient can be assessed from the figures. It is obvi-
ous that the distributions of the heat transfer coefficients
for the two packings are not identical. Since the beds
were randomly packed, this was expected. More striking,
however, is the fact that the distributions for the two pack-
ings on the top layer of the bed are much more similar to
each other than to any of the results in the 19th layer.
One way of establishing the same conclusion is to examine
the maximum and minimum values for the various distri-
butions. For the first packing of the top layer, the local
Nusselt numbers vary between 13 and 30 for the lowest
flow rate, and between 33 and 89 for the highest. For
the second packing the ranges are 12 to 32 and 35 to 86
These can be compared with the ranges for the 19th layer
measurements at the wall of 11 to 68, 44 to 135 and 16 to
47, 74 to 148 for the low and high flow rates of the first
and second packings. For the top layer the ranges change
only slightly for the two packings whereas for the 19th
layer more significant differences are seen for the two

ackings. Despite this the ranges are still more compatible
tween packings than between positions.

Some additional evidence of the effect of packing is
available from the average values which were obtained by
integrating the distribution of local coefficients over the
surface of the sphere. Figure 11 shows the results of
these integrations. The solid lines represent correlating
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relations found in the average coefficient study discussed
earlier. It can be seen from this figure that the average
coefficients secured by integration compare well for the
two different packings. The worst deviation is for the mea-
surements made at the wall in the 19th layer where the
second packing shows a high trend. It must be realized
that in the vicinity of the wall significant changes in the
local packing arrangements are more likely than in the
bulk of the bed. In addition, it should be noted that the
integration of the local heat transfer coefficients in the
bed was based on an assumption of symmetry which can
only be justified in a probabilistic sense. Each of the
measurements was assumed to be representative of a -
hemispherical shell in the direction normal to the bulk
flow. The fact that the results agree so well with the cor-
relations for the measured average coeflicients (Figure 11)
suggests that this assumption has some validity. The di-
vergence of the integrated average values for the 18th
layer wall measurements could in fact be caused not by
any physical difference in packing but instead by expected
asymmetry at the wall.

To summarize the effect of repacking the bed we can
state that although the local heat trans?er coefficient at a
particular point on the sphere surface changes radically
from packing to packing, the range of variation of the
local heat transfer coeflicient appears to be relatively in-
sensitive to repacking.

The average heat transfer coefficients obtained by inte-
grating the local values have been mentioned above in
assessing the effect of repacking the bed. The results of
these integrations are shown in Figure 11 compared with
the correlation for the measured average values, The
average Nusselt numbers were calculated from

1
Nuy =47rB.2 f Nyu dA (4)
For a hemispherical shell
dA = 7R sin 6 (Rd9) (3)
1 T
NNu=z‘£ NNu, sin 6 dé (6)

The integral in Equation (6) was evaluated using Simp-
son’s rule. That the results agree so well with the mea-
sured average values lends additional evidence to the
validity of the packed bed measurements,

Examination of Figures 5 and 6 shows several interest-
ing features. The regions from 290° to 360° in Figure 5,
and 0° to 120° and 250° to 335° in Figure 6 possess the
characteristics of laminar boundary layers. The decrease
of the heat transfer coefficient in these regions is not so
smooth as for the single sphere case, but this could be
caused by secondary flows or could be the effect of the top
packing support screen. Figure 6 in particular shows the
forward movement of the separation point of the laminar
boundary layer, from 120° at the lowest flow rate to 115°
at the middle flow rate and to 112° for the highest.

Additional support for the existence of laminar bound-
ary layer behavior in these regions can be realized by
examining the dependence of the Nusselt number on the
Reynolds number at a fixed angle. The Nusselt number—
Reynolds number relationship in these regions is very
close to the square root dependency which characterizes
laminar boundary layers.

Outside the ranges of these laminar boundary layers,
the variation of the heat transfer coefficient sheds little
light on the flow pattern except to suggest its complexity.
The maxima and minima are similar to those which occur
in the wake of a sphere at higher Reynolds numbers but
there is no obvious way to determine whether reattach-
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ment of flow is occurring here. The region from 210° to
245° of Figure 6 would seem to indicate that the flow has
reattached and is again building up a boundary layer on
the surface. However this cannot be definitely established
from the data.

The region from 80° to 130° in Figure 5 shows that
the heat transfer is less for the highest flow rate than for
the middle flow rate. A satisfactory explanation of this be-
havior has not been found. It is possible that this region
represents a point of contact with another particle, but
even then the result is unusual and especially for such a
wide area of the surface. A plausible explanation is that
the packing shifted in the vicinity of the measuring sphere
between the time the measurements were made for the
highest flow rate and the middle flow rate.

Figure 8 presents the results for the second packing at
the wall in the 19th layer. A close examination of this
figure is warranted if only because the average heat trans-
fer coeflicients calculated by integrating this distribution
show the widest divergence from the measured average
values. Examination of the region from 0° to 180° pro-
vides an excellent clue to the reason for this. Between 0°
and 180° this distribution is quite similar to that of a
single sphere. The boundary layer remains attached at the
two lower flow rates until about 120°. Only at the higher
flow rate does earlier separation occur. It is for the two
lower flow rates that the average values differ consider-
ably from the measured ones. Based on these two distribu-
tions, the reason for the differences may be an unusual
packing arrangement in the bed which permits the laminar
boundary layer to remain attached.

The local heat transfer coefficient measurements re-
ported here can be compared with the mass transfer results
of Rhodes and Peebles (19). Considering the widely dif-
ferent experimental techniques, the similarity of the dis-
tributions is satisfactory. One basic difference in the trans-
port processes exists between these investigations: in this
investigation, heat transfer could occur at the contact
points between particles; whereas, for mass transfer the
transport coefficient must be zero at a contact point, This
could possibly be credited as an advantage to using the
mass transfer technique.

The detailed examination of the distributions of the
local heat transfer coefficient around a sphere in a ran-

domly packed bed suggests the following:

1. The effect of repacking the bed is to change the dis-
tribution of the local heat transfer coefficient but repacking
has little effect on the range of values (maximum-mini-
mum) of the heat transfer coeflicient for the sphere.

2. By examining the local heat transfer distribution,
some information about the flow patterns around a sphere
in a randomly packed bed can be inferred. In particular
the existence of laminar boundary layer has been verified.
Some expected similarities to the flow around a single
sphere have been observed.

3. The entrance effect of the bed has been shown to
result from two distinct differences between the local
heat transfer coefficient on the top layer of the bed and
in the bulk of the bed. The first of these, the lower abso-
lute value of h in the top layer, has been attributed to
the lower incident flow rate. The second, the smaller range
of variation of h on a sphere in the top layer, has been
attributed to the lower turbulence intensity in the entering
air stream.

CONCLUSIONS

1. The existence of an entrance region for the packed
bed has been verified, and the effect of this region on the
average heat transfer coefficient has been shown to be
confined to the first two layers of particles in the bed.
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2. An effect of lateral position on the average heat
transfer coefficient in a packed bed has been observed.
Higher heat transfer coeflicients were found near the wall
of the bed than in the center of the bed.

3. Local heat transfer coefficient measurements on the
surface of a sphere in a packed bed have confirmed the
effect of the entrance region and wall region. In addition,
the local heat transfer coefficient distributions reveal that
the lower flow rate and turbulence intensity of the enter-
ing air are probably both factors in the entrance effect.

4. Examination of the distribution of local heat transfer
coefficients on the surface of a sphere in a randomly
packed bed has yielded some insight into the boundary
layer flows which exist in the bed. Laminar boundary
layer behavior and the impingement of secondary flows
may be deduced from the local heat transfer distribution.
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NOTATION

constant in regression formulae, dimensionless

A = surface area of sphere, sq.cm.

a = constant in regression formulae, dimensionless

b = constant in regression formulae, dimensionless

d, = particle diameter, cm.

h = heat transfer coefficient, cal./sq.cm. sec. °C.

h; = local heat transfer coefficient, cal./sq.cm. sec. °C,

K = proportionality constant defined by Equation (1),
cal./sq.cm. sec. °C.

k = thermal conductivity, cal./cm. sec. °C.

ks = thermal conductivity at film temperature, cal./
cm. sec. °C,

Nnu = Nusselt number, dimensionless

Np, = Prandtl number, dimensionless

Ngre = Reynolds number, dimensionless

Ns: = Stanton number, dimensionless

qr = radial heat flux, cal./sq.cm. sec.

R = sphere radius, cm.

T = temperature, °C.

u, = superficial velocity, cm./sec.

u, = approach velocity, cm./sec.

A = difference, dimensionless

K = viscosity, poises

p = density, g./cc.

¢ = angle from forward stagnation point, radians

o = standard deviation
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Quasilinearization, Difference Approximation,

and Nonlinear Boundary Value Problems

E. STANLEY LEE

Kansas State University, Manhatton, Kansas

A finite difference method combined with the quasilinearization technique is used to solve
the nonlinear two-point boundary value problems. This method does not have the stability
problem connected with the marching integration techniques. A scheme which can be used to
reduce the rapid access memory requirements of digital computers is also proposed. The
steady state equations resulting from mass and energy balances in a tubular reactor with
axial diffusion are solved by this method. With very poor initial approximations, only three

to seven iterations are needed to obtain the correct answer.

The two most frequently used methods for solving non-
linear two-point boundary value problems in ordinary
differential equations are the trial and error method and
the finite difference method. In the trial and error method,
the values of the unknown initial conditions are assumed
and are used with the given initial conditions so that the
problem becomes an initial value problem. Thus, the gen-
erally used integration techniques, such as the Runge-
Kutta method, can be used to obtain the solution. The
final values that are obtained must agree with the given
final conditions. Otherwise, some trial and error, or itera-
tive procedure, must be devised to obtain better values for
the assumed initial conditions. There are at least two diffi-
culties associated with this procedure. The first one arises
from the trial and error nature which is not suited for
modern digital computers. Furthermore, actual experience
has shown that the nonlinear boundary value problems en-
countered in engineering are frequently very sensitive to
the errors of the unknown or assumed initial conditions.
This difficulty becomes more severe if the problem to be
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solved has a large number of missing initial conditions.

The second difficulty arises from the stability problem
associated with the generally used integration techniques
such as the Runge-Kutta method, which is essentially a
marching integration technique. To avoid this stability
problem the finite difference method is used.

In the finite difference method, the original system of
differential equations is approximated by a system of dif-
ference equations. There are several difficulties associated
with this approach. The most important ones are the
limited rapid access memory of current digital computers
and the difficulty associated with the solution of a large
system of nonlinear dfference, or algebraic equations, that
result from the original nonlinear differential equations.

In a recent paper [1], the quasilinearization technique
was shown to be an effective tool to avoid the first difficulty
associated with the trial and error procedure. This was ac-
complished by the combined use of linearization and the
superposition principle. However, since the marching in-
tegration techniques were used in the above mentioned
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